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Abstract 



We exploit tlie geometric approacti to the virtual fundamental class, due to Fukaya-Ono and 
Li-Tian, to compare Gromov-Witten invariants of a symplectic manifold and a symplectic sub- 

^^ I manifold whenever all constrained stable maps to the former are contained in the latter to first 

^Q ■ order. Various special cases of the comparison theorem in this paper have long been used in 

(-H I the algebraic category; some of them have also appeared in the symplectic setting. Combined 

with the inherent flexibility of the symplectic category, the main theorem leads to a confir- 
mation of Pandharipande's Gopakumar-Vafa prediction for GW-invariants of Fano classes in 
6-dimensional symplectic manifolds. The proof of the main theorem uses deformations of the 
Cauchy-Riemann equation that respect the submanifold and Carleman Similarity Principle for 

fT^ ■ solutions of perturbed Cauchy-Riemann equations. In a forthcoming paper, we apply a simi- 

^ ' lar approach to relative Gromov-Witten invariants and the absolute/relative correspondence in 

^O ■ genus 0. 
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1 Introduction 

Gromov-Witten invariants are certain counts of pseudo-holomorphic curves in syniplectic manifolds 
that play prominent roles in symplectic topology, algebraic geometry, and string theory. These are 
usually rational numbers, and their precise relations with some sort of integer enumerative counts 
of curves are rarely clear. However, it is well-known that genus GW-invariants of Fano manifolds 
are precisely counts of rational curves; this observation is key to enumerating rational curves in 
projective space in [14^ Section 5] and [281 Section 10]. String theory predicts an amazing integral 
structure for GW-invariants of Calabi-Yau threefolds. These predictions originate in [2], [6], and [7j 
and are extended to all threefolds in [26j. 



GW-invariants of a symplectic manifold X are obtained by evaluating natural coholomogy classes 
on the virtual fundamental class (VFC) of the space of stable J-holomorphic maps to X. The main 
statement of this paper, Theorem II. 2^ compares GW-invariants counting stable maps meeting 
specified constraints in the ambient manifold with analogous counts of such maps to a submanifold 
containing the images of all such constrained maps to first order. It leads immediately to Corol- 
lary 11.31 which in a way is a succinct re- formulation of the main conclusion of [17] , and with a 
bit more work to Theorem 11.41 which confirms the "Fano case" of the Gopakumar- Vafa prediction 
of [26t Section 0.2]. Theorem 11.21 is obtained by deforming the Cauchy-Riemann equation in two 
stages so that the first stage respects the submanifold. Carleman Similarity Principle is used to 
take advantage of properties of solutions of Cauchy-Riemann equations that are preserved by a 
large class of perturbations of the equations. In a forthcoming paper [37J, we will apply similar 
geometric principles to study relative GW-invariants and the absolute/relative correspondence in 
genus with applications to birational geometry in the spirit of Hu-Li-Ruan ([8], [9], [18]) and 
McDuff ([22]). 

The author would like to thank R. Pandharipande for bringing the "Fano case" of the Gopakumar- 
Vafa prediction to the author's attention, D. McDuff for detailed comments and suggestions on 
an earlier version of this paper, and T. Graber, T.-J. Li, D. Maulik, and Y. Ruan for related 
discussions. 

1.1 A comparison theorem for GW-invariants 

We will denote by Z+ the set of non- negative integers. Let (X, (joYbe a compact symplectic manifold. 
li g ^ Z^, S" is a finite set, (3 G H2{X;Z,), and J is an (xJ-tamqj almost complex structure on X, 
denote by 9Jlg^5(X, /3; J) the moduli space of equivalence classes of stable S'-marked genus g degree /3 
J-holomorphic maps to X. For each j € S, there is a well-defined evaluation map 

evf.mg,s{X,l3;J)^X. (1.1) 

As standard in GW-theory, we will denote by 

i;,eH^{mg,s{X,(3;J)) 

the first chern class of the universal cotangent line bundle for the j-th marked point. The 
space 9Jtg^5(X, /3; J) carries a natural VFC, which is independent of J and will be denoted by 



'^an almost complex structure on {X,uj) is oj-tame if iij{v, Jv) > for all v£TX with v^O 



[9Jtg,s(X,/3)]"''. If the (real) dimension of X is 2n, then 

dim [mg,s{X,P)Y'" = dimg,5(X,/3) = 2((ci(TX),/3) + {n-3){l-g) + \S\). (1.2) 

If J is regulacl, then 9Jto,5(X, /?; J) is a topological manifold with a preferred choice of orientation 
and 

\mo,s(.x,f3)Y'" = \Tlo,s{x,P;J)]. 



If ttj € Z"^ and Kj € i:/^* (X; Z) for each j € 5", let 

{{ra,K,),^s)l^ = ( n (V';^ev*(PDxK,)), p,,5(X,/3)]"A, (1.3) 

where PDx/tj (zH*{X] Z) is the Poincare dual of Kj in Xo In order to avoid any sign ambiguities, 
we define the number in (jl.3p to be if the dimension of Kj is odd for some j. By (11.2p . this 
number is zero unless 

^(2aj + 2n - dim^^) = d\.m.g^s{X,l3). (1.4) 

The number (jl.Sp can be expressed as an integral on a "smaller" moduli space as follows. Choose 
cobordism representatives fj : Mj — >X for Kj, with j G S'o Let 

Mg,f(X,/3;J) = {([n],(w;,),e5) G Mg,5(X,/3; j) x J]M, : ev,(M) = /,(u;j) VjE^}. (1.5) 

The space 9Jtg^f(X, /3; J) of constrained stable maps also carries a virtual fundamental class and 

The subject of this section is a reduction of this GW-invariant of X to a combination of GW- 
invariants for its submanifolds. 

Definition 1.1 Let Y be a submanifold of X. A smooth map f : M — >X intersects Y properly if 

f^^{Y)cM is a sm^ooth orientable even-dim,ensional subm,anifold of M and 

d^f{T^{f-\Y))) = d^{TM)nTf(^^)Y 
for every w£ f^^{Y). 



^an almost complex structure J is genus regular if for every J-holomorphic map u: E — yX, where E is a tree 
of Riemann spheres, the linearization Dj.u of the 9j-operator at u is surjective 

^In the descriptions of Sections 13.31 and [5^ \Wg,siX, (3)]"'^ is a homology class in an arbitrarily small neighbor- 
hood of Dytg,s{X, j5; J) in the space of equivalence classes of L\-xa'A.ps to X; there are well-defined evaluation maps evj 
and cohomology classes V'j on this space as well. 

*We can assume that this is possible, since each kj can be replaced by a multiple for our purposes. 



If / : M — > X intersects Y d X transversally and M, X, and Y are orientable of even total 
dimension, then / intersects Y properly. However, a proper intersection need not be transverse. 
For example, any two real lines in M" intersect properly, but not transversally if n>3. Two curves 
that are tangent to each other do not intersect properly. 

If / : M — > X intersects Y d X properly and NY — > Y is the normal bundle of y in X, the 
homomorphisms 

d^^/:r^M^Af^(^)y, v^d^f{v)+Tf^^^)Y, wGrHY), 

have constant rank; the kernel of d^^ f is Ty;{f^^(Y)). If M, X, and Y are oriented, an orientation 
on /~^(y) then induces an orientation on the vector bundle 

AT/y = f*NY/{Imd^^f) -^ r\Y). 

Note that 

rkA^-^y = (dimX-dimM) - (dimy - dim/"^(y)). (1.6) 



Let y be a compact symplectic submanifold of X and 

LY*:H4Y;Z) ^ H^{X;Z) 

the homomorphism induced by the inclusion ly ■ Y — > X. If /3y E H2{Y; Z) and J is an w-tame 
almost complex structure on X which preserves TY cTX\y, then iy induces an embedding 

mg,s{Y,f3Y; J) -^ m,,s{X, ly.Py; J). 

If fj : Mj — >X, j € S, are smooth maps as above, let 

M3,f(y,/3y; J) = {{[u],{wj)jes) G mt^,f(X, .y,/3y; J) : [u]emg,s{Y, Py; J)}- 

If in addition u : S^ — > y is a J-holomorphic map from a nodal Riemann surface (see Section 12. ip , 
let Hu denote the space of deformations of the complex structure on E„. The linearization of the 
9j-operator for maps to X, 

Df.^-.-Hue Ll{^u;u*TX) ^ LP{^u;T*^u'^(S)cu*TX), p>2, 

induces a generalized Cauchy-Riemann operator 

D^.^:LP(j:^;u*NY) -^ LP(1:^;T*^''/®cu*NY). 

For each j €S, define 

e~v, : ker D^^ -^ N,^ („)y by ^ -^ C{zj (u)) + T,^ (u)Y, 

where Zj{u) G S^ is the j-th marked point; this homomorphism is the composition of the differential 
of the evaluation map (jl.ip with the projection to the normal bundle. 



Theorem 1.2 Suppose (X,uj) is a compact symplectic 2n-inanifold, g E Z"*", S is a finite set, 
/3 € H2{X;Z), Uj G Z+ for each j S S, and fj : Mj — y X is a cobordism representative for 
Kj G H^{X;Z) for each j gS. If J is an oj-tame almost complex structure on X , Y is a compact 
almost complex submanifold of {X, J), and fiy (zH2{Y; Z) are such that 

(a) i-Y* (/3y ) = /3 and fj intersects Y properly for each j £ S; 

(h) for every ([u], (tt;j)jg5) €9JTg,f(y, /3y; J), the homomorphism 

ker(Z?^r) ^ ©iV^V^)^, e -^ (ev,(e) + (Imd^j;))^^, , (1.7) 

jes 

is an isomorphism, 

then 

(1) the space 9Hg^f(y, /3y; J) carries a natural VFC (dependent on the orientations of fj' (Y)) 
with 



(li 



dim [mg,,{Y,PY; J)]"' = dim^,5(X,/3) - ^ {2n-dimKj) 

+ Y,^±Nf^Y -2{{ci{NY),/3y) +rkcNY ■ {l-g)): 

(2) the vector spaces cok{Dj^) form a natural oriented vector orbi-bundle 

cok(I?^^) -^mg,f{Y,^Y;J) 

with 

rkMCok(L»^^) = Y,^kNf^Y -2{{ci{NY),Py) +rkcNY ■ {l-g)); (1.9) 

(3) Tlg^f{Y, Py', J) is a union of connected components of Tlg^f{X, (3; J) and its contribution to 
the number il.3\) is given by 

Cg,f(y,/3y) = (e(cok(Z)^^)) ^<^ p,,f(y,/3y; J)]"^\. (1.10) 



Example A Suppose (X, J) is a Calabi-Yau 3- fold and y C X is a smooth isolated rational curve 
with NY '^0{-\)®0{-\). We can then apply Theorem O with 5 = 0, ^ = 0, and /5 = dty^([y]) 
for any d G Z+. The assumption on the normal bundle implies that ker(Z)j^^) is trivial and 
thus Condition (b) is satisfied. The right-hand side of (jl.lOp is then the famous multiple-cover 
contribution of l/d^ ([2], [23 Section 27.5], |341). 



Example B If the image of each map fj in Theorem 1.2 hes in Y, the second part of Condition (a) 
is automatically satisfied. Condition (b) is equivalent to the homomorphisms 

e~v,- : ker(Z)^^) -^ N,^^.,)Y, i[u],w) G M,,f (X, /?; J), 

being isomorphisms. For example, this is the case if X = P", Y = F'^ C X, S = {1,2}, g = 0, 
/3 = iY*{[Y]) is the homology class of a line, ai,a2 = 0, and fi,f2'- pt — >Y are maps to two distinct 
points. In this particular case, 

Mo,f(X,/3;J)=Mo,f(y,/3y;J), 

where /3y = [y], and cok(Dj^^) is the zero vector bundle. Thus, 



D)l 



{pt,pt)l"^ = {ira^K,),^s)o,^ = Co,f(y,/3y) = ±|9ng,f(y,/3y; J)| = {pt,pt)^^^^ = i, 

as expected |j 

Example C If each map fj in Theorem 1.2 is transverse to Y, the second part of Condition (a) is 
again automatically satisfied. Condition (b) is equivalent to the injectivity of the operators D^.^ 
whenever ([u], w) G Tlg^f{X, 13; J). For example, this is the case if X is the blowup of P", with 
n > 2, at a point, Y ?a p"^i ig the exceptional divisor, 5 = {1,2}, g = 0, Py ^ H2{Y;'L) is the 
homology class of a line in the exceptional divisor, /3 = iy*(/3y), ai, 02 = 0, and /i, /2 : P^ — >X are 
parametrizations of proper transforms of two distinct lines in P" passing through the center of the 
blowup. In this particular case, 

Mo,f(X,/3;J)=Mo,f(y,/3y;J) 

and cok(L)j^^) is the zero vector bundle. Thus, if I denotes the homology class of /i and /2, 

{ll)l^ = {{Ta^Kj)j^s)lp = Co,f(l^,/3y) = ±pg,f(y,/3y; J)| = {Ir^Y,InY)l^^^^ = 1; 
see Footnote El 

Various special cases of Theorem 11.21 such as those in Examples lAllCj are standard in the algebraic 
setting and are used in [3], [l3], and [26], for example. Some special cases of Theorem 11.21 have 
appeared in the symplectic setting as well, including in [T6], [2l], and [33]. Examples IBJ and ICl 
generalize Example lAJ in two opposite directions. Corollary 11.31 below, which applies this theorem 
in the setting of [T7], is yet another special case of Example ICl The full statement of Theorem 11.21 
mixes the two extreme cases of Examples [B] and [Cl 



The striking conclusion of |17j is that all GW-invariants of a Kahler surface X of general type 
localize to a canonical divisor. The situation is particularly beautiful if X admits a smooth canon- 
ical divisor /Cx- If X is minimal, the GW-invariants of X in degrees other than multiples of ICx 
vanish. The GW-invariants of X in degrees K,x and 2/Cj(: are computed in [T2| via an algebraic 



^This is the number of lines through 2 points in P". In this particular case, each operator D^^ is C-linear and 
its zero-dimensional kernel is positively oriented. In general, this need not be the case; see [171 Sections 9,10] for 
explicit sign computations. 



reformulation of \T7] and shown to satisfy a conjecture of p!9]. In the next paragraph we review 
the relevant statements from \T7\. 

Let {X, Jo) be a minimal Kahler surface of general type and a the real part of a non-zero holomor- 
phic (2, 0)-form such that Y = a~^{0) is smooth (and reduced). Since X is minimal, Y is connected. 
With (•, •) denoting the Riemannian metric on X, define 

Ka G r(X; HomM(rX, TX)) , R^ G r{Y; UomKiTY^cNY, NY)) , by 

{vi,KaV2) = a{vi,V2) yvi,V2eT^X, xeX; 
Ra{vi,V2) = Jo{V^,K^}{vi)+T^YyvieT^Y,V2eT^X,xeX. 

By [HI Lemmas 2.1,8.2], Ra is well-defined. The almost complex structure Ja on X described 
in \n\ Section 2] agrees with Jq along the smooth complex curve Y. By |171 Lemma 2.3], every 
non-constant Jc-holomorphic map u : S^ — > X is in fact a Jo-holomorphic map to Y and so lies in 
the homology class dY for some d G Z+ . By \n\ Section 8] , the operator on the normal bundle NY 
of Y induced by the linearization of the (9j^-operator for maps to X at such a map u is given by 

D^^^ = du*NY + Ra{du,-): Ll{i:u;u*NY)^U>{T.u;T*T.Y®cu*NY), (1.12) 

where du*NY is the (9-operator in the holomorphic bundle u*{NY,Jq) — > T^u- By [171 Proposi- 
tion 8.6], Dj.^ is injective. In light of Theorem 11.21 Corollarv 11.31 below is thus simply a re- 
formulation of the main conclusion of |17) . 

Corollary 1.3 Suppose (X, Jg) is a minimal Kahler surface of general type, a is the real part of 
a non-zero holomorphic (2,0)-form such that Y = a~^{0) is smooth, g(^'L'^, d£Z^, S is a finite 
set, S2 C S, Oj G Z+ for each j G S, and Kj G H2{X; TL) for each j G 5*2. // Ra is defined by il.ll]) . 
then the cokemels of the operators hl.l^) form a natural oriented vector orbi-bundle 

cok{D^'') ^Tlg,s{Y,dY) 
and 

{(-ra, Kj)j^s2 , {ra, ^)jeS-S2)g^aKx 

n (ci(T*X),K,)) /e(cok(Dr)) Yl{ev*PDy{pt)) J]^?, [mg,s{Y,dY)Y 
3&S2 ^ ^ jeS2 je5 

1.2 The Fano case of the Gopakumar-Vafa prediction 

GW-invariants are generally not integers. On the other hand, at least in the case of projective 
3-folds (symplectic 6- manifolds) , certain combinations of them are believed to be integers. Ide- 
ally these combinations would be precisely counts of curves of fixed genus and degree and passing 
through appropriate constraints. A projective 3-fold X is never ideal in this sense, but one might 
hope that X becomes ideal if its Kahler complex structure is replaced with a generic almost com- 
plex one. We show that this is indeed the case in the "Fano" case. 

If {X,uj) is a compact symplectic manifold, g G Z+, 5" is a finite set, /3 G H2{X;'L), and J is an 
w-tame almost complex structure on X, let 

9Jt*,s(^,/3;^)cM<;,5(X,/3;J) 



denote the subspace consisting of simple maps, i.e. J-holomorphic maps u : E^ — > X such that 
T,u is a smooth (connected) Riemann surface and u~^{u{z)) = {z} and dzU / for some z € S„. 
These conditions imply that u does not factor through a d-fold cover S„ — >T,, with d> 1; see [231 
Section 2.5]. If fj : Mj — > X, j G S, are smooth maps from compact oriented manifolds of even 
dimensions, let 

mi,iX,f3;J)=Tlg4X,(3;J)n(mis{X,l3;J) x [] M^ 

with Tlg^f{X, /3; J) defined by ()1.5p . If Tl* ^{X, /3; J) is a finite set consisting of regular pairs 
{[u], {wj)j^s): we will denote its signed cardinality by E^JJ,i). 

If the (real) dimension of X is 6, the expected dimension of the moduli space 9Jtg^5(X, /3; J) is 
independent of the genus g] see ()1.2p . Thus, one can mix curve counts of different genera passing 
through the same constraints. Furthermore, if (3 (^ H2{X ; Z) and {ci{TX), (3) <0, all degree /3 GW- 
invariants are zero, since the moduli space of unmarked maps has negative expected dimension. 
This leaves the "Calabi-Yau" case, {ci{TX),/3) = 0, and the "Fano" case, {ci{TX),P) > 0. If 
ff,/ieZ+,defineC^^(9)GQby 

EcUs)t'^ = [^^) ■ (1-13) 

Theorem 1.4 Suppose {X,u}) is a compact symplectic 6-fold, /3 & H2{X ; I^) , g^I^^, S is a finite 
set, and Kj^H^{X;'L) for j^S are such that \1.4^ is satisfied with aj = 0. // (ci(TX),/3) >0, 

(1) there exists a dense open subset Jrcgig^P) of the space of smooth uj-tame almost complex 
structures on X such that for all h<g: 

• the moduli space 97t^ si-^' f^'' '^) consists of regular m^aps; 

• for a generic choice of pseudocycle representativesofj '■ Mj — >X for Kj, OJtjIj j (X, /3; J) 
is a finite set of regular pairs {[u], {wj)j<zs) such that u is an em,bedding; 

(2) the numbers E^o{{,J), with h<g, are independent of the choice of J^J'rcg{g, (3) and fj and 
can thus be denoted E-j^ Mkj)j(zs); 

(3) ifCfp{h) is defined by ITm) . 

h=g 

i(''j)jes)lf, = Y,Clp{g-h)Elp{{K,),^s). (1.14) 

h=Q 



For 5 = 0, 1, (|1.14p gives 



((^\ \^ T^X((^x ^ , 2- {ci{TX),j3) ^ . 

[\^^j)o(^s)i^p = E^^^{{Kj)jes) + ^ EQ^f^{{Kj)jes) 



(1.15) 



''After replacing Kj by a multiple, Mj can be taken to be a smooth compact manifold. 



The first identity expresses the well-known fact that the genus GW-invariants of a Fano mani- 
fold are enumerative. The second identity in (jl.lSp is the re = 3 case of the relation between the 
standard genus 1 GW-invariants and the reduced genus 1 GW-invariants constructed in [36] for all 
syniplectic manifolds. 

By the proof of [23^ Theorem 3.1.5], for a generic almost complex structure J on X all moduli 
spaces 9Jt^ 0(X, /3'; J) are smooth and of the expected dimension, 2{ci{TX), f3'). In particular, 

{ci{TX),(3')<0 =^ mlsiX,l3';J)Mh,s{X,(3';J) = t (1.16) 

By a similar argument, for a generic J on X the evaluation maps 

evi,ev2:Tll^,^^y{X,^;J)^X 

are transverse, while the bundle section 

mi^^y{X,(3;J) -^ Ll^e^lTX, [u] -^ d.^^^^u, 

where Li — > Tl* mi {X, (3; J) is the universal tangent line bundle at the marked point and zi {u) G S^ 
is the marked point of u, is transverse to the zero set. Thus, 

Tl^yiX, I3;J) = { M G9Jt*^s(X, ^; J) : u is not an embedding} 

is the image of a smooth map from a smooth manifold of (real) dimension two less than the 
dimension of Tl* g{X, /3] J). It follows that for a generic choice of pseudocycle representatives 
fj : Mj — >X for kj, Tl* ^{X, j3; J) is a 0-dimensional oriented sub-manifold of 

{mis{x,P;J)-m'J{x,p-j)) X \{M,. 



We next show that 9Jt* f(X, /3; J) is a finite set. If not, there is a sequence {[ur],{wrj)j£s) in 
Tl* f (X, /3; J) converging to some 

(M, (u;,)jes) G M3,f(X,/3; J) - mi*_f(X,/3; J). 

The image of n is a connected J-holomorphic curve in X of genus h < g with k >1 irreducible 
components of degrees /3i, . . . , /3fc € H2{X; Z) such that 

di/3i + . . . + dkfik = /3 for some di, . . . ,dk € Z"*". 

By (fLT6]) . (ci(rX),/3,)>0for aUi = l,...,A:. Thus, 

i=k 



^(ci(rx),A)<(ci(rx),/3). 



i=l 



The dimension-counting argument of [231 Section 6.6] then shows that k = l and di = l. It then 
follows that the image of u is an irreducible J-holomorphic curve of degree /3 and genus h<g that 



meets each of the maps fj with j € S. 

While degree /3 genus h < g J-holomorphic curves meeting the maps fj can certainly exist for a 
generic J, they cannot be limits of other degree /3 curves meeting the maps fj by the 1/^ = case 
of Proposition 13.21 for the following reason. If 

{[u],{wj)j^s) eTlg,f{X,P;J) -Tll,{X,^;J), 

the domain of u consists of two or more irreducible components. Furthermore, by the previous 
paragraph, the restriction of u to all components, except for one, is constant; let Ues denote the 
effective part of u, i.e. the non-constant restriction. The domain '^u^g of Ueff is a smooth curve of 
genus h<g with distinct points {zj{U(.{i))j,^s that are mapped to {evj{u))j^s by Ucs- Thus, 

{[u,s],{wj)jes) G9Jt;;,f(X,/3;J); 

by the previous paragraph, UeS is an embedding onto a smooth J-holomorphic curve Y of genus h 
degree /3 meeting the maps fj. This implies that removing a node from S^^^j disconnects S„|j 
Since the total evaluation map 

is transverse to f , 

kev{D^l^) ^ 0iV^(^^^y, ^ -^ {C{z,{u,s)) + Tf^i^^)Y + (Imd^J,)).^^ , (1.17) 

is surjective; see Section [LT] for the notation. Since UeS is a regular map, 

dimker(Z?^:f^^) = ind(Z)^^J = 2{{ci{NY),Y) +2{l-h)) = 2{ci{TX),f3) 

= j;(4-dim M,) < ^dim NJ^^^; 

the second-to-last equality holds by (jl.4p . Thus, the homomorphism in (|1.17p is an isomorphism. 
On the other hand, Dj.^ is the restriction of the operator 0^ D^.^, to 



Llii:u;u*NY) C 0L?(S„;i;<Ary) 



where {T,u;i} are the irreducible components of S and Ui = u\-£^... If m is a constant map, then 
^^■u is the usual 9-operator on the space of functions on S^^ with values in A''„.(2„.,)^~C^. Since 
E^ is a connected nodal Riemann containing S^^^ as a component, u\Y;^ff = Ues, and u is constant 
on each of the irreducible components of S^ — S„^g, it follows that the projection homomorphism 

kevD!/.^^keTD^l^, e^^ls„,«> (1-18) 

is an isomorphism. Thus, the homomorphism 

keviD^.^) -^ NJ^^^^, e -^ iCizjiu)) + Tf^(^^)Y + (Imd^Jj))^^^ , 

J6.S 



^This observation implies that the homomorphism p.lSp is surjective. 
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is an isomorphism, since the homomorphism (J1.17p is. Therefore, by Proposition 13.21 there is no 
sequence in 

Mg,f(X,/3;J) -M<;,f(y,[y];J) D9Jt*,f(X,/3; J) 

converging to ([u], {wj)jes)- 

We have thus shown that 9Jt* ^(X, /3; J) is a compact oriented 0-dimensional manifold and its 
signed cardinaHty E^o{f,J) is weh-defined. The independence of E^p{{,J) of the choices of J 
and fj follows from (J1.14p . with E^ Mkj)j^s) replaced by E^o{i, J). In turn, this identity follows 
from Theorem 11.21 and the proof of [26, Theorem 3]. Let y be a degree /3 J-holomorphic curve 
of genus h<g meeting each fj. By the above, the assumptions of Theorem 11.21 are satisfied. By 
definition (see Section [2. 4p . the orbi-bundle cok(L'j ) is dual to the bundle ker((L'j )*) of kernels 
of the dual operators (D^^)*. For each 

{[u], K),g5) e mg,r{Y, [Y]; J) C Mg,f(X,/3; J), 

the operator (D^.^)* is the natural extension of the operator ®i{Dj.^,)* to (l,0)-forms on S„ with 
poles at the nodes such that the residues at each node sum up to 0. Since (Dj.^ )* is injective by 
the regularity of Ueff, the projection 

to the contracted components is injective. Since (Dj.^,)* =8* if Ui is constant, the image of this 
homomorphism is determined by E„ and is independent of D^.^ (as long as D^.^ is surjective). 
Thus, cok{Dj^) is isomorphic to the restriction to Tlg^f{Y,[Y]; J) of the obstruction bundle in 
[261 Section 3], i.e. the bundle of cokernels of the operators D^.^ as above, but for a holomorphic 
vector bundle NY. Thus, 



C,,f(y,/3y) = ^e(cok(I)r)), [mg,,{Y,[Y];J)Y ^ 
= Ch,p{9-h) sgn([Meff], KOies) 



by (fTTOl) and [Ml Theorem 3]. Since 

h=g 

M^,f(X,/3;J)= y y M^,f(Imn,[Im«];J), 

/1=0(H,(«;^),.6S)GOT*,(X,/3;J) 

the identity (fTTil) follows from (fLlQ]) . 

Theorem 11.41 confirms (a stronger version of) the Fano case of \n\ Conjecture 2(i)], i.e. that the 
numbers E^Mkj)j^s) defined from GW-invariants by |J.i^[ ) are integers. The Calabi-Yau case 
is fundamentally more difficult as it involves multiple covers of curveso On the other hand, it 
might be possible to approach [271 Conjecture 2(ii)], i.e. that E^ Mk,j)j(zs) = for a fixed /3 and 



Theorem [L4] and its proof also apply to the cases when (ci {TX) , /3) = 0, but j3 is not a non-trivial integer multiple 
of another element of H2{X; Z). 
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all sufficiently large g' if X is projective, by studying possible limits of Ji-holomorphic curves with 
Jt & 'Jregid , f3) as Jt approaches the standard complex structure on XcP" and using the Casteln- 
uovo bound [H pi 16]. 

An algebro-geometric approach to Theorem 11.41 has recently been proposed in [TT], at least in the 
usual, more narrow, meaning of Fano in algebraic geometry. The stable-map style invariants of 
smooth projective varieties defined in [11] are a priori integers in the case of Fano varieties, just 
like the numbers E^ Mkj)j^s)- In addition, in this Fano case, they are non-negative integers and 
satisfy the vanishing prediction of \n\ Conjecture 2(ii)]. However, it remains to be shown that 
they are related to the GW-invariants in the required way, i.e. as in ()1.14p . 

2 Analytic Preliminaries 

In this section, we collect a number of background statements concerning solutions of perturbed 
Cauchy-Riemann equations. For the rest of the paper, fix a real number p > 2. If S is a 2- 
dimensional manifold, this condition implies that any L^'-map S — >-M is continuous and in partic- 
ular has a well-defined value at each point. 

2.1 Nodal Riemann surfaces 

Let {E, i) — > S be an L^-complex vector bundle over a smooth Riemann surface, i.e. a one- 
dimensional complex manifold. If z € S and 

^, EHomM(^„r;sO'i®cS.), 
we define 

A* G HomK(r;si'°®c^:,7;*S^'i0cS:) by 
Re{vA{Alw)) =Re{{A,v)Aw) G A^(r;S) yveE^weT^^^'^^cK- 

Since A^(T^*S) is one-dimensional, A* is well-defined. If 

A G LP(S;HomK(S,r*sO'i®cS)), 
this construction gives rise to an element 

A* G LP(S;HomM(r*S^'°«)c-E*,T*S^'^0C-E*)) s.t. 

((^,A*r?»=Re(^CA(A*7?)) =Re(^(^e)A7?) ^((AC,7?» (2.1) 

for all S.^L^{E;E) and r]£L^^{T,;T*T,^'^(E)E*). 

Let E — >T, be as above. If S* is a finite subset of S, denote by 

Lli^;E{S))cLlJj:-S;E) 

the subspace of sections r] of E such that for every zq(^S there exist a neighborhood U of zq in S 
and a coordinate w : U — > C such that 

w{zq) = and w ■ r]\u ^ L^{U ; E) . 
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li k>l, an element rj of L^{'E;T*Tj^'^®£E{S)) has a well-defined residue at zqGS given by 



If ^ is a function assigning to each element zqGS a, real subspace E'^^ C E^^ , let 

L?(S;r*Si'%c^(^)) = {r/eL?(S;S(5)): Res,=,„r?GS;^ VzoG^}- 



By a Riemann surface S we will mean a compact complex one-dimensional manifold with pairs of 
distinct points identified. In other words, 

S = S/ ~, where x\ '^ x\ i = I, . . . ,m, (2-2) 

for some smooth compact Riemann surface S and distinct points x^ ,x^ €S. The quotient map 

a-.T, — >T. 
is determined by S up to an isomorphism. We will denote by 

Ssing = {o-(a:- ): « = 1,... ,m} C S and Ilsmg = {xl\xl':i = l,...,m}cT. 

the subset of singular points of S and its preimage under a, respectively. Let S* C S be the subspace 
of smooth points, i.e. the complement of Sging- 

If y is a smooth manifold and S is a Riemann surface as above, an L^-map u : S — > Y is an 
L^-map 

n: S — y Y s.t. u[xl ) =u[xl ) Vi = l,...,m. 

By a vector bundle E — >T,, we will mean a topological complex vector bundle such that a*E — ^S 
is an L^-complex vector bundle. Let 

LP{J:;E) = {^eL^,{%a*E):Cix['^) = axf)yi = l,...,m}; 
LP(S;r*S°'^(g)c£^) = LP{T,;T*T,^'^(S)ccr*E). 

If S is a finite subset of S*, let S = a~^{S) and define 

L?(E;/Cs0C^(5)) = {r?EL?(S;r*Si'O0c^*S(SUSsi„g)) : 

^ Res^=j(,?7(io) = VzoSSsingj, (2.3) 

LP(S;r*SO'i®c/Cs0C^(5)) = LP(S;r*SO'i0cr*Si'O0c^*^(SUSsi„g)). 



^If ri G L^{T,;T*T,^'^ i^c E{S — zo)), then KeSz^zQi] = 0. The converse is not true; for example, the residue of 
r] = zdz/z is zero at z = Q, but rj is not even continuous at z = Q. On the other hand, the converse is true if 77 lies in 
the kernel of a generalized CR-operator as in Section [2.21 
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If ^ is a function assigning to each element zq&S a, real subspace -E^g C E^q , let 

L?(S;/Cs0ci?(^)) = {r?GL?(S;/CE0ci?(5)): Res,=,-i(,„)r?Gi?;„ VzoG^}. (2.4) 

Similarly, we define 

L?(S;i?(-5))={eGL?(S;i?): e(^o) = VzoGS}, 
Ll{^;E*i-g)) = {CGL^i^; E*): azo)eAnn{E'J VzoG5}, 

where Ann{E'^^) cHom]R(£^2Q,M) is the annihilator of E'^^ '^Ezg- The real pairings in (j2.ip extend 
to pairings 

Furthermore, the equality in (|2.ip holds for all r] G L^(Tj; JCj^^qE* (S)) . 

2.2 Generalized Cauchy-Riemann operators 

Definition 2.1 Lei (^; '^) ^e an almost complex manifold and {N,i) — > (Y,J) a smooth vector 
bundle. 

(1) A d-operator on [N, i) is a C-linear map 

such that 

d{fO = idf)^^ + f{dO V/GC°°(y), ^er{Y-N). 

(2) A smooth generalized Cauchy-Riemann operator (or smooth CR-operator) on {N,i) is a differ- 
ential operator of the form 

D = d+A:T(Y;N) — ^r°'^(y;iV), (2.5) 

where d is a d-operator on {N, i) and 

A G r(y;HomM(7V,r*y°'i®ciV)). 



If V is an affine connection in ( A^, i) , the operator 

T{Y;N)^r^^\Y;N), ^ ^ l(ve + iV^ o j), (2.6) 

is a 9-operator on (A^, i). Furthermore, any C-linear CR-operator on (A^, i) is a 9-operator, and any 
9-operator on (A'^, i) is of the form (|2.6p for some (not unique) connection V in (A'^, i)- In particular, 
A in the decomposition (|2.5p can be assumed to be C-anti-linear. 
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Let V be the J-linear connection in TY obtained from a Levi-Civita connection V on y and 
Ay{-, •) the Nijenhuis tensor of J: 






vei,6Gr(y;ry). 



4 
We identify Ay with the element 

Ay er(y;HomM(ry,r*y°'i^cry)), v^AYi;v). 

Then, 

ar = ^ (v-^C + jv-^ o j) , Dy = ay + Ay : r(y ; ry ) -^ r^'^y ; ry ) 

are a 5-operator on TY and a smooth CR-operator on TY, respectively. 

Definition 2.2 Let {E,i) be an L^ complex vector bundle over a Riemann surface (S,j). 

(1) A d-operator on {E, i) is a C-linear map 

d:L\{T.;E) -^ U'{i:-T*T.^'^®cE) 

such that 

d{fO = {dmi + fm V/gC°°(S), ieT{^-E). 

(2) A generalized Cauchy-Riemann operator (or CR-operator) on {E,\) is a differential operator of 
the form 

D = d+A:Ll{^;E) — ^ LP(S; r*S°'i(g)c^), (2.7) 

where B is a d-operator on {E, i) and 

AELP(S;HomK(^,r*S°'i(g)c^)). (2.8) 



If V is an affine connection in {E,x), the operator 

L?(S;ii;)^LP(S;r*SO'i®ci?), C ^ ^(V^ + iV^ o j), (2.9) 

is the usual ^-operator for a unique holomorphic structure in {E,i). Furthermore, any C-linear 
CR-operator is of the form (j2.9p . 

If S and A^ — > Y are as above, an L^-map u : S — > Y pulls back a smooth CR-operator D on N to 
a CR-operator D^ on u*N — >Ti as follows. Suppose D is presented as in (|2.5p with C-anti-linear 
A and V is a connection in (A^, i) inducing the corresponding ^-operator. Let u: S — >Y be the 
map corresponding to u as in Section 12.11 and 

V: L?(S;5*7V) -^ LP{%T*I]®ku*N) 
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the connection induced by V. Then, 

D:^ = -fV + iVojJ + Ao dju, where dju = -(du — Jdu o j j , 

is a generahzed CR-operator on n*(A^, i); D^ is independent of the choice of V if n is (J, j)- 
holomorphic. 

Suppose (y, J) is an almost complex manifold and Dy is as above. If (S, j) is a Riemann surface 
and u: S — >Y is a (J, j)-holomorphic Lj'-map, then Dj-u = u*Dy is the linearization of the dj- 
operator on the space of L^-maps from S, with complex structure fixed, to Y; see [23, Section 3.1]. 
If in addition, {Y, J) is an almost complex submanifold of an almost complex manifold (X, J), then 

Dj.u = D^.^ = u*Dy: Lli^;u*TY) — > LP{^;T*T.°''^0cu*TY) 

is the restriction of 

Df^^ = u*Dx:L\{^]u*TX) ^ LP{T.]T*YP'^(^cu*TX). 

Thus, D-j.^ induces a CR-operator 

D^^:Ll{i:-u*NY) -^ LP{'^-T*TP'^®cu*NY), 

where NY = TX\y /TY is the complex normal bundle of 1" in X. 

The next lemma extends Serre duality from 9-operators to CR-operators. If D is as in (j2.7p . let 

see (j2.ip and ()2.3p for notation. If 5 C S is a finite subset of smooth points of S and g is a function 
assigning to zq G 5 a complex subspace of E^^ , D* extends to an operator 

see (|2.4p . Let D^ be the restriction of D to the closed subspace L\{Tj; E{— g)) of L\{Tj;E). 

Lemma 2.3 Lei D he a CR-operator on a complex vector bundle (E, i) over a Riemann sur- 
face (S, j). If S is a finite subset of smooth points of S and g is a function assigning to zq^S a 
real subspace of E^^^ , the homomorphism 

cokD, -^ HomK(kerL>;,M), r? -^ ((r/, •», (2.10) 

is an isomorphism. 

Proof: If S is smooth and 5 = 0, this is flOl Lemma 2.3.2] . Furthermore, by the twisting construction 
of |321 Lemma 2.4.1]^, the elements zq of S for which g{zQ) = E*^ can be omitted from S. In the 
general case, the proof of |1(T, Lemma 2.3.2] shows that the homomorphisms 

kerD* — > Homi;(cokZ)g,M), kerD^ — > HomK(cokL»*,M), (2.11) 



^"This construction extends the usual procedure of twisting a holomorphic vector bundle by a divisor to generalized 
CR-operators; it can be seen as a manifestation of Carleman Similarity Principle [H Theorem 2.2]. 
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induced by the pairings (|2.ip are well-defined and injective. It follows that 

indDp + indD* <0 

and equality holds if and only if the homoniorphisnis (|2.1ip are isomorphisms. On the other hand, 
if D^ and D* are the operators corresponding to Dg and D* over the normalization a : T, — > E, 
dropping any matching conditions at the nodes and the other restricting conditions at the points 
of 5, then 

ind-Dp = ind-D^ — Ikm — \\q\\, 
indD* = mdDl - 2km - 2k\S\ + ||^||, 

where k is the complex rank of E, m is the number of nodes in S, and 

ll^ll = XI dim]R£)(2:o)- 

zoGS 

Since the kernel and cokernel of D* are isomorphic to the kernel and cokernel of a CR-operator on 
T*Ti®a*E* twisted by the preimages of the nodes and the elements of 5, 

ind5* = -indDQ + 4fcm + 2k\S\. 

It follows that indL>* = — indD^ and thus the injective homomorphisms in (|2.11|) are in fact 
isomorphisms. 

2.3 Families of nodal Riemann surfaces 

By a stratified space (of dimension /c), we will mean a topological space 9K together with a partition 

l=k 
1=0 

such that SUt^') is a smooth manifold of (real) dimension k — l and 

V=l+1 
If U is an open subspace of a stratified space 9Jt as above, then 

l=k 

u = \_\{m^^'^nu) 

1=0 

is also a stratified space. If 5Jli and TI2 are stratified spaces, TI1XTI2 is a stratified space with the 
strata given by unions of the products of the strata of Tli and TI2 ■ A continuous map vr : 9Jti — > 9Jt2 
between stratified spaces will be called a stratified map if the restriction of vr to each stratum of lUli 
is a smooth map to a stratum of 9JT2. A stratified map vry : V — > 9Jt will be called a stratified 
vector bundle if vry is a topological vector bundle with fiber C and the transition maps from open 
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subsets of 9Jt to GL^C are stratified. 

For the purposes of Definition 12.41 below, we set 

TTstd^TTi :ilstd = {(t,n, u)eC^: uv = i\ — > C 

to be the projection to the first component. This is a stratified map with respect to the stratifica- 
tions 

C = C* U {0}, ilstd = ^s;^(e) U (vr,;i(0)-0) U {0}. 

For each tgC*, define 

Pi:Si = ^-^(t) ^M+ by pt{t,u,v)=u^ + v'^ . 

If in addition eGM+, let 

Sj,, = {(t,'u,t;)eSt: |'Up + |7;|2 < e}. 

If E — \Yjt is a normed vector bundle and 7/GLP(St; E\ let 






1/p / r- _p-2 \ 1/2 



Definition 2.4 A stratified map vr: il — >Tl is a flat stratified family of Riemann surfaces if 

• each fiber S„ = 7r^^(n) is a (possibly nodal) Riemann surface; 

• if zqG TiuQ is a smooth point, there are neighborhoods Uz^ of uq in 9K and Uzq of zq in it and 
a stratified isomorphism of fiber bundles 

(j)zo ■■ Uzo > Uzq X {^uof^Uzo) 

over Uzq such that the restriction of (pzQ to each fiber of vr is holomorphic and the restriction 
of (pzQ to Su(, n Uzq is the identity; 

• if zq£ Sup is a node, there are neighborhoods Uzq of uq in Tl and Uzq of zq in ii, a stratified 
space U'z, and stratified embeddings 

(pzQ ■■ Uzq — >Uz^xC and 4>zq : Uzq — > U'z^ xi4td 
such that the diagram 



u 


20 


^K„>- 


!4id 




TT 




idXTTstd 


u 


ZQ ' 


^^K, 


xC 



commutes and the restriction of (pzQ to each fiber of vr is holomorphic. 

Definition 2.5 If S is a finite set, a stratified map vr: iX — >Wl with stratified sections Zj : 9Jt — >ii, 
j^S, is a flat stratified family of S -marked Riemann surfaces if 
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• vr : il — > dJl is a flat stratified family of Riemann surfaces; 

• Zj{u) G Sm is a smooth point for every u E 9K and j G S; 

• ^ji (") 7^ ^i2 (^) /o'^ (ivery ueTl, ji , j2 G 5" mi/i ji 7^ J2 • 

Definition 2.6 //tt: il — s-QJt zs a flat stratified family of S -marked Riemann surfaces and Y is a 
smooth manifold, a continuous map F: il — >Y is a flat family of S -marked maps if 

• for every uG^Jl, the restriction of F to S„ = 7r~^('u) is an L\-map; 

• if zq & TiuQ is a smooth point and Uzi^, Uzo, o^nd 4>zo are as in Definition \2.4\ there exists 
a compact neighborhood Kz^^F) of zq in SugnC/^g such that F o (j)~^\uy^j^^ ip\ converges to 
F\x^ (F) '^^ ^^6 L^-norm as u^Uzq approaches uq; 

• if zq^Tiuq is a node and Uzi^, Uzg, (pzo, CLnd (JJzq are as in Definition\2.4[ 



lim lim ||d(Fo0 i|„,x2j||4, = 0. 

In the case of interest to us, 9Jt will be a family of S'-marked stable maps to a smooth manifold Y. 
The fiber of il — )-9K over a point u: T,^ — >Y will be the Riemann surface S^. 

2.4 Families of generalized CR-operators 

Let D be a smooth CR-operator on a vector bundle (A^, i) over an almost complex manifold (Y, J). 
Suppose il — > 9Jt is a flat stratified family of S'-marked Riemann surfaces, F : il — > y is a flat 
family of maps, Sq C S, and ^ is a function assigning to each zq^Sq a real subbundle of ev* A^*. For 
each u^Tl and zq^S, let gu{zo) be the fiber of g{zo) over u. Denote by ker^.^{D) and kerg.„(L'*) 
the kernels of the operators 

{(i^|Ej*I?},„:i?(S„;{F|£^iV}(-^„))^L^(S„;r*sO'i®cF|£^iV), 

^LP{^u;T*^'u'®c}C^^®c{F\h^N}{{zj{u)}j^So)), 
respectively. 

We topologize the sets 

kev^iD) ^ LI ^<u{D) and kerf (D*) ^ |J kerf„(Z^*) 
MgOT usM 

by point-wise convergence on compact subsets of the complement of the special (nodal and marked) 
points of the fiber. In other words, suppose Ur G 9K, r G Z+, is a sequence converging to uq G lUt 
and ^r Gkerg.„^(Z)') for r^Z'^, where D' = D,D* and Z"'" = {0}UZ. The sequence {ur} converges 
to ,^0 if for every smooth point zoGS^q, with zq^Zj{u) for jgS, there exists a compact neighbor- 
hood Kzq{F) as in Definition 12.61 such that ^r ° (J^^QlurxK^ (F) converges pointwise to S,o\k^ (f)- 
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By Carleman Similarity Principle [H Theorem 2.2], if the restriction of an element ^ of ker (Z)') 
to an open subset of a component 'Eu-i of S„ vanishes, then the restriction of ^ to S^^j is zero 
as well. This implies that the above convergence topology on ker (D) is the topology inherited 
from the convergence topology on the bundle over SPt with fibers L^{T,u;u*N) described in [15} 
Section 3]0 Furthermore, if the dimension of ker (Z?) is independent of u, then ker (D) — ?>9Jl 
is a vector bundle. By [2Hi, Section 6], the analogous statement holds for ker^.^(D*)o Lemma 



then implies that ker (D*) — >dJl is a vector bundle if the dimension of ker (i^) is independent 
of u G 971. If in addition, the vector bundles ker^ (D) — > 9JI and g{zo), zq G 5, are oriented (and 5 
is ordered if any of the bundles g{zo) is of odd rank), then the vector bundle 

kerJ(Z)*)^M (2.12) 

has a canonical induced orientation, since ker (D) and (ker (D*))* are the kernel and cokernel of 
an operator obtained by a zeroth-order deformation from a first-order complex-linear Fredholm op- 
erator; the determinant line of such an operator has a canonical orientation defined via a homotopy 
of Fredholm operators (see the proof of [231 Theorem 3.1.5]). 

3 Proof of Theorem [Q] 



i -Liicuiciii ix.z,i ia iiiiiiicuictue iiuiii liic assuiiipiiuii biiah j 

manifold. Thus, 



The first claim of Theorem ll.2l is immediate from the assumption that /• (Y) is a smooth oriented 



p,,f(y,/3y; J)]"^ = (ll{ey,x{fjOTr,)Y{FBy.{Ay)) n lOT,,s(l',/3y; J) x n/7'(^) 



jes 



jes 



where Ay CY^ is the diagonal and ttj : YljeS fi~ (^) — ^ A" (■^) ^^ ^^^ projection onto the j-th 
component; the identity (II. Sp now follows from (II. 6p . Sections 12.21 and 12.41 imply the second claim 
of Theorem 11.21 Since the vector spaces 

ker((i^^r)*)«cok(D^r)* (3.1) 

have constant rank and are oriented via the isomorphism ()1.7p , they form natural oriented bundles 
over the uniformizing charts for Tlg^f{Y, (3y; J) described in [151 Section 3]. These bundles glue to- 
gether to form an oriented vector orbi-bundle over yjlgf{Y, /3y ; J)0 In the notation of Sections 12.21 
and 12.41 this is also the bundle of the cokernels of the injective operators DjJ.^ = {Df^)g, where 



u 



i],{wj)j^s)^mg,f{Y,(3Y;J) (3.2) 



and Q is the function assigning to each element j (z S the subbundle Ann(ev*(Im(i /j),R) 
of ev^A'^y*. The identity (II. 9p is immediate from (II. 7p and the Index Theorem. The first part 



^^ While 1151 Section 3] concerns only the case N = TY, it applies to any vector bundle A^ — yY . 

^ While [281 Section 6] concerns only the case A'^ = TY and 5*0 = 0, the argument applies to any vector bundle 
A'' — y Y . Furthermore, the twisting construction of [321 Lemma 2.4.1] reduces the situation to the case 5*0 = 0. By [311 
Chapter 4], which builds on [HD], there are Fredholm operators defining these vector spaces that form a continuous 
family over 2J{ and thus define a K-theory class; however, this statement is stronger than needed here. 

^^Neither the topologies of the bundles over the uniformizing charts nor the isomorphisms (|3.1|) depend on the 
Riemannian metrics over the uniformizing charts of [151 Section 3]. 

20 



of the third claim follows immediately from Proposition 13.21 below in light of assumption (b) in 
Theorem 11.21 

We note that the second part of the third claim of Theorem 11.21 is consistent with the divisor 
relation for GW-invariants [29t (3.4)] in the following sense. Let 

vro : ^g,{o}usiy, ^y;J)^ M,,5(r, /3y ; J) 

be the forgetful map dropping the 0-th marked point and /q : Mq — > X a cobordism representative 
for some KQ^H2n-2{X; Z) so that /o is transverse to Y; the last assumption implies that Ni°, i^ = 

{0} for aU woefQ^iY). With 

^gJoUf(Y, Py-J) = {{[u\,wo, {wj)j<.s) G ^g,{0}us{y. Py; J) X Mo X J]m,- : 

evi(N) = /,K)Vie{0}uS}, 

let 

^0 : ^g,fouf{Y, Py;J)^ Mg,f{Y, Py; J) 

be the map induced by ttq. If [u] G ^g^{o}usiY, Py] J) and ttq contracts component Su;i(, of S^, 
then S^^jp is P^, contains precisely two nodes, say and oo, along with the 0-th marked point 
and no other marked points, and uls^.. is constant. Therefore, if [u'] = tt(){u) and Xu is the set of 
components of S^, then the homomorphisms 

keriD^.^) -^ ker(Z)^^,), {^^)^exu ^ {^^)^exu~^o , (3-3) 

ker {{D!^.^r) -^ ker ((1)^^')*), iv^)^ex. ^ (Jl^)^ex.^^o , (3-4) 



are well-defined and are in fact isomorphisms. Since (13. 3p is an isomorphism, /oUf satisfies the 
assumptions of Theorem 11.21 if and only if f does. Since the total spaces of the cokernel bundles 
are topologized using convergence of elements of ker(L'j.^)* on compact subsets of smooth points, 
(j3.4p induces an isomorphism of orbi-bundles 



cok(Z?r ) -^ ^ocok(i?r) (3.5) 

over TlgjgufiY, /3y ; J); it extends over a neighborhood of QHgjpuf (^) I^Y'i J) iii the space of L^-maps 
via the construction described at the end of Section 13.11 Thus, by the standard divisor relation, 

e(cok(z?D) HV'?, W9jMy.PY;j)Y 

= <PDyKo,/3> • (e(cok(Z5^^)) ^V';^ [M,,f(y,/3y; J)]' 

\ j€S 

In particular, it is sufficient to verify (jl.lOp under the assumption that 25r + |S'| > 3; this slightly 
simplifies the presentation. 

For the remainder of the paper, we assume that 2g'+|S'| >3. Section [3.11 sets up notation for the 
configuration spaces that play a central role in [5j and [15j . The main geometric observation used 
in the proof of Theorem 11.21 is Proposition 13.21 stated and proved in Section 13.21 Our approach 
to (jl.lOp is illustrated in Section 13.31 where (jl.lOp is verified in some cases, including the case of 
Theorem 11.41 The general case is the subject of Section 13.41 
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3.1 Configuration spaces 

Let X be a compact manifold, j3 G H2{X;7j), g a non-negative integer, and S a finite set. We 
denote by Xg^5(X, /3) the space of equivalence classes of stable L^'-maps u: S^ — >X from genus g 
Riemann surfaces with S-marked points, which may have simple nodes, to X of degree /3, i.e. 

u*p„]=/3eF2(X;Z). 

Let X^g{X,f3) be the subset of Xg^s{X,l3) consisting of the stable maps with smooth domains. 
The space Xg^s{X,/3) is topologized in [151 Section 3] using Lj'-convergence on compact subsets 
of smooth points of the domain and certain convergence requirements near the nodes. The space 
Xg^siX,/3) is stratified by subspaces X'j-{X) of stable maps from domains of the same geometric 
type and with the same degree distribution between the components of the domain. Each stratum 
is the quotient of a smooth Banach manifold X-r{X) by a finite-dimensional Lie group Gj-; the 
restriction of the G7--action to any finite-dimensional submanifold of Xf{X) consisting of smooth 
maps and preserved by Gj- is smooth. The closure of the main stratum, X^ s(-^^ /^)' ^^ ^g,s(X, /?). 
If fj : Mj — >X for j (zS are smooth maps, let 

X,,f(X,/3) = {{[u],{wj)jes) G Xg,5(X,/3) x J] M, : u{zj{u)) = fj{wj) VjeS}. 



If J is an almost complex structure on X, let 

be the family of (TX, J)-valued (0, 1) L^-forms. In other words, the fiber of T 'g{X,f3] J) over a 
point [u] in Xg^s{X,/3) is the space 

r°;^(X,/3; J)|j^j =rO'i(X,u;J)/Aut(7x), where r^'HX,u; J) = LP{^u;T*J:^/^cu*TX). 

The total space of this family is topologized in [15, Section 3] using L^-convergence on compact 
subsets of smooth points of the domain and certain convergence requirements near the nodes. The 
restriction of F '^(X, /3; J) to each stratum X-t-{X) is the quotient of a smooth Banach vector 

bundle Tj- {X; J) over Xt{X) by Gf. The smooth sections of the bundles Tj- {X; J) — > XriX) 
given by 

^j([S„,j«;n]) = dj^j^u = -[du + Joduo]u) 

induce sections of F '^(X, /3; J) over X-^iX), which define a continuous section dj of the family 

f;;^(X,/3;J)^X,,s(X,/3). 

The zero set of this section is the moduli space yRg^s{X,fi;J) of equivalence classes of stable J- 
holomorphic degree j3 maps from genus-f? curves with 5-marked points into X. The section dj over 
X'YiX) is Fredholm, i.e. its linearization has finite-dimensional kernel and cokernel at every point 
of the zero set. The index of the linearization Dj;u of dj at u^X'y{X) such that 

[u] e Tlg^siX, /?; J) = mg,s{X, /3; J) n X^^^CX, /?) 

22 



is the expected dimension dimg^si^, /5) of the moduh space Tlg^si^, (3; J). 

If fj : Mj — > X for j £ S are smooth maps, y C X is a submanifold, /3y G H2{X; Z) is such that 
i-Y*f3Y = P, and T is any combinatorial type of maps to X or y of degree /3 or /3y , respectively, let 

X3,f(X,/3) = {{[u],{wj)jes) ^^g,s{^,P)xl{M,: evj{[u]) = fj{w,)yjeS}, 

Xg,f (y, /3y) = Xg,f (X, /3) n (xg^siY, M x H^j) > 
Xr,f (^) = ^aM^ /3) n (xr(X) x [Jm,") , 
Xr,f (y) = x,,f (y, /3y) n [xt{y) X J] Mi) • 

With vr: Xg^f(X, /3) — )'Xg^s(X, /3) denoting the projection map, let 

r°'j(X, /3; J) = ^*r°;^(X, /3; J) ^ X,,f (X, /3); 

r^if (^, /3y ; ^) = ^*r°;^(y, /3y ; j) ^ x,,f (y, /3y). 

With Oj, jGS', as in Theorem II. 2^ let 

La,f = ^ajVr*L* — ^ Xg,f(X,/3), 

where Lj — ^•Xg^sl-'^,/?) is the tautological line bundle for the j-th marked point. 

If J is an almost complex structure on X preserving y, let gj be a J-invariant metric on X, 
V*^ the J- linear connection of gj induced by the Levi-Civita connection of gj^ TY^ C TX\y the 
gfj-orthogonal complement of TY, and vr : TX\y — >TY the orthogonal projection map. Define 

V-^ : r(y; TX) -^ r(y; T*Y®uTX) by 
V;^(C*' + D = ^^V;^e^) + V;^r VveTY, S,^(£T{Y;TY), rGr(y;Ty"). 

This connection in TX\y gives rise to a C-linear connection V^ on NY and thus to a (9-operator 
B-^ on iVy. Define 

i:)^^:r(y;ivy) ^r(y;T*y°'i0cA^>') by D^^^ = d^^ + AJ^{-,0, 

where Aj^ is the composition of the Nijenhuis tensor of J on X with the projection to NY. If 

[n]GXg,5(l^,/3y),let 

d!^.^:LP,{J:u;u*NY) -^ LP{^u;T*^°/^cu*NY) 

be the pull-back of D by u with respect to the connection V as in Section 12.21 If [u] is an 
element of 9Jlg,5(y, /3y; J), this definition agrees with the one in Section fl.il Thus, under the as- 
sumptions of Theorem ll.2l the dimension of cok(Z'j^^) is fixed on a neighborhood of dJlg^f{Y, fiy] J) 
in Xg^f(y, /3y). By Section [2^ the vector spaces cok(Dj^^) form a vector orbi-bundle over such a 
neighborhood. 
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3.2 Symplectic submanifolds and pseudo-holomorphic maps 

Definition 3.1 If {X, J) is an almost complex manifold and Y dX is an almost complex subman- 
ifold, a tuple (vry : Uy — >Y,TUy) is a J -regularized tubular neighborhood ofY in X if 

• Uy is a tubular neighborhood of Y in X; 

• vry : Uy — >Y is a vector bundle such that 7ry|y = idy and kerdyTTy is a complex subspace of 
{TyX, J) for every y € Y; 

• TUy — > Uy is a complex subbundle of (TUy,J) such that dxiry : TUy — > T^yM^ ^-^ "^^ 
isomorphism of real vector spaces for every x&Uy and is the identity for every x£Y. 

Every embedded almost complex submanifold Y of an almost complex manifold {X, J) admits 
a J-regularized tubular neighborhood. Let 5 be a J-invariant Riemannian metric on X and 
exp^ : TX — > X the exponential map with respect to the Levi-Civita connection of the met- 
ric g. Identifying NY with the 5-orthogonal complement of TY in TX\y, we obtain a smooth 
map 

exp^ -.NY — >X 

by restricting exp^. Since Y is an embedded submanifold of X, there exist tubular neighborhoods 
Uy and Uy of Y in NY and in Y, respectively, such that the map 

exp = exp L,, : Uy — > Uy 



Y 



is a diffeomorphism. Furthermore, exp \y = idy and dy exp : TyNY — > TyX is C-linear for every 
yGY. Thus, 

Try = TTAryoexp | ~/ : Uy — > Y, 



'Y 



where Trjyy : NY — > Y is the bundle projection map, satisfies the middle condition in Definition l3.ll 
Furthermore, if (ker dTTy)-*- is the (7-orthogonal complement of kerdTTy in TUy, 

dxTTy: (kerda;7ry)-^ — > T^y{x)Y 

is an isomorphism and induces a complex structure Jy in the vector bundle (ker diiy)-^ — > Uy 
(which may differ from J). Let 

T^U^ = {v-JJyv: V e {ker d^TTy)^} . 

Note that TxUy is a complex linear subspace of {T^Uy, Jx) for each x € Uy. Since (ker dyi^y)^ = TyY 
and JY\y = J\TyY for every y^Y, 



for every y^Y. Thus, 



dyTTy = id: TyUy — > T^^iv)^ 



dxTTy ■■ TxUy )■ T^y(x)^ 



is an isomorphism for every x G Uy if Uy is sufficiently small. We conclude that TUy satisfies the 
final condition in Definition 13.11 
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Proposition 3.2 Suppose {X,uj) is a compact symplectic manifold, g G Z"*", S is a finite set, 
13 £ H2{X; Z), and fj : Mj — >X is a smooth map for each j G S. Let J be an uj-tame almost complex 
structure on X , Y a compact almost complex submanifold of {X,J), and (vry : Uy — >Y,TUy) a 
J -regularized tubular neighborhood of Y in X. If {[ur],{wrj)j£s) £ ^g,f{X,f3) is a sequence such 
that 

Uri^ur) <t Y, 9jn,|^_i(^^) G L%u-\UY);T*{u-\UY)f'^®€KTU^), (3.6) 

^lirn^ (K], Ki)ie5) = (M, {w,)jes) G mT<;,f(y,/3y; J) C Xg,f{X,P) 
for some /Sy € H2{Y ; Z) , then 

3 e G ker Of.^ , v^ G T^^ M^^jeS s.t. ^ / 0, ^ (z, {u)) = d^^ /, {v, ) V j G 5. 



The rest of this subsection is dedicated to the proof of this proposition by adopting a now- 
standard rescaling argument. It is sufficient to consider the case X = NY as smooth manifolds and 
Try : NY — >Y is the bundle projection map. After passing to a subsequence, it can be assumed 
that the topological types of the domains S^^ of Ur are the same (but not necessarily the same as 
the topological type of S„). The desired vector field ^ and tangent vectors Vj will be constructed 
by re-scaling Ur in the normal direction to Y and then taking the limit. 

For each j gS", let NjY CT^^M be a complement of T^^ (A^ {Y)) and 

a diffeomorphism onto a neighborhood of Wj in Mj such that 

exp^. (0) = Wj , do exp^. = Id, exp^- {v) G f^\Y) V v G T^^ {f;\Y) ) . 

For each rGZ+, define 

v^j e v^j G T^^ if^HY)) e NjY = T^Mj by exp^- {v^^j+v^^^) = Wrj ■ 
Choose metrics on NY and NjY, j G S. By our assumptions, 

Cr = sup|nr(2;)| G M^, lim e,. = 0, lim u ^ • = Vj'gS", Ivril^^^r yr^Z'^,j£S, 



^£^itr 



¥00 



for some CgM"*" independent of r and j. By the last condition, for each j (zS (a subsequence of) 
the sequence 



converges to some Vj (z NjY CT^, ■ Mj . 

For each rGZ^, we define 

rrir : NY — > NY by mr{x) = e^ ■ x; 

Jr G r(iVy;Hom(T(iVy),T(iVy))) by J,U = [d^rnrY^ o J,^, o^m,; 

Ur : Sm^ — )> NY by Sr(z) = e^^ . Ur{z); 

Vr G LP(S„,;r*SO'>cS:r(iVy)) by r]r = {d^^(.)mry^ o BjUr. 
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If in addition j G S, define frj : T^^Mj — >NY by 

fr,,{v'' + v^)=e;'-fj{expj{v'' + erv^)) yv'^eT^^ifr^Y)), v^gNjY. 
Then, for all rGZ'^, 

dj,Ur=r]r, sup \ur{z)\=l, Ur{zj{Ur)) = fr,j{v'^ j + V:^j) VjeS". (3.7) 

By the following paragraph, the sequence of almost complex structures Jr C°°-converges on compact 
subsets of NY to an almost complex structure J such that J\ty = J\ty and 

dj^ = ^^ D^^^i = Q VeGr(S„;n*iVy). 

Furthermore, the sequence r/^ converges to 0. Thus, by (|3.7p . Ur converges to some 

[5] G Tig^siNY, /?; J) C Xg,s{NY, /3) s.t. 
n ( S^) ^ y, u{xj{u)) = d^Jj{vj) e Nf^ (^^ ) F V j G S". 

Since we must have TryoS =u,u corresponds to a section ^ of u*NY — >T„u as needed. 

It remains to prove the two local claims made above. It is sufficient to assume that 

7ry=7ri: NY = YxC'' — >Y 

as vector bundles over Y, and there exists 

a G r(y X C''; HomM(^^ry, n^TC'')) s.t. 
a|yxo = 0, T^y,^)U^ = {{y',a(y,^)iy')):y'eTyY} yiy,w)GYxCK (3.8) 

Thus, by assumption on u^, 

djur = (l/^ auv^) for some u^ G LP(S„^ ; r*S„^ ®Ktxj!*ry) , 

where ttj? = vri o n,.. Let 

/ Thh Thv \ 

J={ ^^j^ ^^^ J : TUy = ttITY®ttITC^ -^ ■kITY®7:*T& 

be the almost complex structure. By Definition 13.11 J \yxo = and J \yxo = 0; we can also 
assume that J^^\yxo = ^ is the standard complex structure on C . If V is the gradient with respect 
to the standard coordinates on C'^, it follows that 

a{y,w) = a(^y,w)W, J{y^^) = J{y,^)W, JJl^^ = i + J(y%)W, where 

^{y,w) = j ^oi^y^tw) dt, J('jJ^) = / ^J{y^tw) dt, Jlly,) = j ^J{y,tw) dt- 
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This gives 



]^0 

'JT\{y,w) — -1 Tvh Tvv ^ Tvh : — ^{y,w)^ 

\ ^r 'J{y,erw) 'J{y,erw) J \ -^ (yfi)^ ^ / 



c J \ dc + UJiy,o)nduoj y- 

the last identity is a special case of [231 (3.1.4)]. This concludes the proof of Proposition [37 

3.3 Geometric motivation for ( ll.lOp 

In this section we give a rough argument for (jl.lO|) before translating it into the virtual setting 
of [5] and [15] in Section I3.4[ As explained at the end of this section, this argument suffices in 
some cases. We continue with the notation of Theorem 11.21 and Section [3.11 For the remainder of 
the paper, we assume that (jl.4p holds; otherwise, the left-hand side of (]1.7p vanishes by definition, 
while the right-hand side vanishes by (jl.Sp and (|1.9p . Our assumption implies that 



dimg,f(y,/3y) = [lUIg,f(y,/3y; J)]""^ = 2 J^ a, + rkKCok(D^^). (3.9) 

j 

We also assume that aj > for every j £ S. 

If zv is a sufficiently small multi-section of F '^(X, /3; J) over Xg^f{X, f3), the space 

mg,f{X,(3;J,iy) = {dj + iy}-\0) C X^,f(X,/3) 

is compact, because Tlg^f{X, f3; J) is. If in addition v is smooth and generic in the appropriate 
sense, dJtg^f^X, (3;J,i') is stratified by smooth branched orbifolds of even dimensions. If 99 is a 
multi-section of the orbi-bundle La,f — > 3ig^f{X, /3), let 

mlfiX, P; J,iy) =mg,f{X, f]; J,iy) n ^-\0). (3.10) 

If u is sufficiently small and generic and ip is generic, the left-hand side of (jl.lOp is the number of 
elements of 9Jt„ f{X, /3; J, u) counted with appropriate multiplicities that lie in a small neighborhood 
of ' _ _ 

ml,(Y,PY; J) = mg,f{Y,^Y; J) n ^-\o) 

mXg,f{X,(3). 

In order to verify (jl.lOp . fix a J-regularized tubular neighborhood (vry : Uy — >Y,TUy)- We will 
take z^ = i/y + z^x so that 

• for every u = {[u],{wj)j^s)^^g,fiX, f3) with M GXg,s(^y,/3y), 

z.y(u)€LP(S„;T*SO'i®crC/^); 
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• ^y\x f (F,/3y) is generic, so that Tlg^f(Y, fiy', J, vy) is stratified by smooth branched manifolds 
of the expected dimensions and the dimension of the main stratum 

OJIg.f (y, /3y ; J, uy) = ^g,i{Y, /3y ; J, uy) n Uls{y, /3y) X \{M^ 

is dim(,_f(y,/3y); 

• ux is generic and small relative to vy- 

Using Try, dvryl" ^, and a bump function around Y with support in Uy, any section of 

7rT°;^(y,/3y; J) ^ X3,5(i",/3y) x \{Mj 

can be extended to a section of T 'j.(X, /3; J) over X^.f (X, /?) satisfying the middle condition above. 
In light of Proposition [3]2l the first condition implies that there exists an open neighborhood U{i/y) 
of Tlg^f{Y, /3y; J) in Xg,f (X, /3) such that 

Mg^fiX, I3; J, uy) n Z^(j/y) = Mg,f (y, /3y ; J, Z^y). 

In addition, choose a multi-section 99 of the bundle Lf^a — > ^g,fiX,f3) so that (p is transverse to 
the zero set on every stratum of 9Jlc,^f(y, /3y; J, z/y) and every stratum of dJlg^f{X, /3] Jjv). This 
implies that the dimension of every stratum of Tig f{Y, /3y; J, i/y) is at most the rank p.9|) of the 
bundle cok(Dj ) over 9?Tgf(y, /3y; J) and the equality holds only for the main stratum. 

By the middle assumption on vy above, for every element [u] of Tlg^siY, I^y] J, i^y) the linearization 

Dj,,^;u ■■ ^u e L?(S„; u*TX) -^ LP(S„; T*^^/0cu*TX) 
of the section Bj + vy for maps to X restricts to the linearization 

of the section Bj + vy for maps to Y . Thus, D^^ .^ descends to a Fredholm operator 

If Vy is sufficiently small, by the last assumption in Theorem 11.21 the operator 

D!^L,;u^iD!^Lu),-- {^eLl{^u;u*NY): e(^,(n)) Glm<^/, VjG5} 

^LP(S„;r*S°'i0cn*iVy) 

is injective for every [u] £Tlg^f{Y, /3y; J, vy) as in (13. 2|) . Thus, the cokernels of these operators still 
form an oriented vector orbi-bundle over 9JTg_f(y, /3y; J,vy) of rank ()1.9p . which will be denoted 
by cok(Z?j^j^ ). Furthermore, 9Hg^f(y, /3y; J, z^y) is compact (because 9Jlg^f(y, /3y; J) is) and is a 
union of connected components of QKg^f (X, /3; J, i/y) by Proposition 13.21 
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.7vy.^ , ^ ....... (3-11) 



The left-hand side of (jl.lOp is the number of elements of 

Ml,{X,l3;J,UY + ux) C Xg,s{X,l3) X l[M, 

that lie in a small neighborhood of 9Jt f(y, /3y; J, z^y) for any sufficiently small and generic vx- 
The map component of any such element must be of the form exp^ ^, where 

• {[u], {wj)ji=s) €9Hg^f(y, /3y; J, vy) is an element of a fixed stratum, i.e. the topological struc- 
ture of Su is fixed; 

• u is a small gluing parameter for S^ consisting of the smoothings of the nodes of S„; 

• Uv : S„^ — >Y is the approximately (J, z^y)-map corresponding to v as in [33 Section 3]; 

• ^£L^{T,y;u'!^TX) is small with respect to the || • ||„^p^i-norm of [151 Section 3] and satisfies 

az,M) G Im(<^/,) +r^^(^^,)y VjG5, 
where Ny is a combination of a term quadratic in ^ and a term which is linear in ^ and vx- 

Projecting (j3.1ip to NY, we obtain 

CGL?(S„„;<iVy), C(^,K))eIm(<^/,) VjG5. 

This equation has no small solutions in ip^^{0) away from the subset of elements 

u={[u], {w,)jes) G ^lf{Y, /3y ; J, z^y) 

for which i^^(u) lies in the image of Dj^ , i.e. the projection i>x{u) of z^x(u) to cok{D^^ ) 
is zero. For dimensional reasons, all zeros of v'x lie in the main stratum 

3^g,f (^. /3y ; J, i^y) = M^,f (y, /3y ; J, z.y) n Mg^fiY, ^Y^J^yy). 

Thus, only 9Jt^f (y, /3y ; J, i/y) contributes to the left-hand side in (jl.lOp . In this case equation p.l2p 
no longer involves v and thus Uy = u. Since ip vanishes transversally on 9Kg^f(y, /3y; J^uy) and v'x 
on 9Jt^j.(y, /3y; J, z^y), the contribution of the main stratum to the left-hand side is the signed 
cardinality of the oriented zero-dimensional orbifold 

93T^f(y,/3y;J,z.y)ni>^i(0). 

As v'x extends to a continuous multi-section of the orbi-bundle 

cokiD^^^^^J ^TII,(Y,/3y;J,i^y), (3.13) 

which is transverse to the zero set over every stratum, the left-hand side of (jl.lOp is the euler class 
of the bundle (I3.13P evaluated on 9Jt f(y, /3y; J, z^y). While the operators D^^ .^ and D^.^ are 
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^NYr. ^-.r, (3-12) 



not the same, they are homotopic through operators keeping the dimension of the cokernels fixed 
and thus define orbi-bundles with the same euler class, as needed. 

The above argument requires some notion of smoothness for the strata of X-j-^f{X) or at least 
^T,fO^)- If the domain curve S^ of [u] with its marked points is stable for every element 
{[u],{wj)ji^s) of 97tg^f(y, /3y; J), then every stratum X-j-^f^X) meeting 9Jlg_f(y, /3y; J) is a smooth 
Banach orbifold. The topological aspects of the resulting setting are sorted out in [20], and the 
above argument suffices in such cases. These include the cases of Theorem 11.41 (with 25r + |5'| > 3, 
which can be assumed) and Corollary [L3] (since the genus of Ya is positive), but not of Example [A] 
or the specific cases of Examples [Blor [Cl 

In general, 3i'j-{X) is a subspace of a product of main strata X^, g_{X,/3i) for some gi, Si, and /3i 
and the restriction of T 'g{X, 13; J) is the direct sum of the pull-backs of the corresponding bundles 
over the components of the product. If for every {[u], {'Wj)j(zs) €Tlg^f{Y, /3y; J) and every unstable 
component Su;j of S^ the restriction of u to Sm;j is regular in the appropriate sense, then u can be 
taken to be a smooth section of the components of T '^(X, f3; J) coming from the "stable parts" 
of T] as in the previous paragraph there is a well-defined notion of smoothness over these compo- 
nents. This is done explicitly in |29i Section 2]. The resulting extension of the previous paragraph 
then covers the specific cases of Examples [B] and ICl 

Finally, for an arbitrary symplectic manifold {X,u}), the "notion" of smoothness is described by 
introducing smooth finite-dimensional approximations to 9Jtg^5(X, /3; J). This is done in the next 
section. 

3.4 Virtual setting 

Continuing with the notation of Section 13. H we now recall the virtual fundamental class setup 
of [5] and [15] and then reformulate the argument of Section 13.31 for (ll.lOp in the general case. 

An atlas for Tlg^s{X,l3;J) is a collection {{Ua,Ea)}aeA^ where 

• {l^a}aeA is an open cover of Tlg^s{X, /3; J) in Xg^s{X,/3) and Ea C T^'^g^X, 13; J)\u^ is a 
topological (finite-rank) vector orbi-bundle over Ua', 

• dj {Ea) is a smooth orbifold and dj {Ea) n Xt{X) is a smooth sub-orbifold of dj {Ea) of 
the codimension corresponding to T (twice the number of nodes) for every stratum 3iT{X); 

• the restriction of Ea to Bj {E^) is a smooth vector orbi-bundle and the restriction of Bj to 
Bj {Ea) is a smooth section oi Ealg-i/^ y, 

• for every [u]edJlg^s{X, 13; J)r)Bj^{Ea)r\Bj^{Ea'), there exists jeA such that 

[u] £ lA^ C Lia n Lia' , Ea , Ea' \ tj C E^ , 

the restrictions of Ea and Ea' to Bj {E^) n Xt{X) are smooth orbifold subbundles of the 
restriction of Ej, and the restriction of Bj to Bj {E^) n Xt{X) is transverse to Ea and Ea'; 
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• for every [ujeTlg^siX, P;J), 

rO'i(X,n;J) = {Dj;„e: ^eLP{^u;u*TX)} + E^l^ , (3.14) 

where EaluCT^ {X; J)\u is the preimage of Ea\u under the quotient map 

Such collections {{Ua, Ea)}aeA a^'e described in O Section 12] and [151 Section 3]. An atlas for 
Tlg^f{X, 13; J) is defined similarly, with the domain of Dj.y_ in (j3.14p replaced by 

{CGL?(S„;u*rX): C(zj(u)) £ Imd^J, Vje^} 

for an element {[u],{wj)j^s) of 9Hg_f(X, /3; J). Such an atlas induces a compatible atlas for the 
total space of the restriction of the bundle La,f to Tlg^f{X, (3; J). 

A multi-section i^ of T \{X, /3; J) for an atlas {{Ua, Ea)}aeA is a continuous multi-section such that 
the restriction of v to Bj {Ea) is a smooth section of E^- Similarly, a multi-section (/p of Laf for 
{{Ua,Ea)}a(^A is a continuous multi-section such that the restriction of ip to 5j {Ea) is smooth. 
A multi-section v as above is regular if the restriction of v to 9j (£'a)nX7-^f(X) is transverse to 
the zero set in Ea for every a and T. If {{{Ua-,Ea)}a&A-,i^) is regular, 9Jtg^f(X, /?; J,i>) is stratified 
by smooth branched orbifolds of even dimensions. The existence of regular multi-sections for a 
refinement of a subatlas is the subject of [Sj Chapter 1] and |21l Section 4]o If ^^ is sufficiently 
small and regular and (p is generic, the left-hand side of (ll.lOp is again the weighted number of 
elements of 

ml,{x,^■,J,v)=Tig,,{x,p■,J,u)^^p-\{)) 

that lie in a small neighborhood of 

Til.iY, (3y;J)= Tlg^fiY, /3y; J) n ^-^O) 
mXg,fiX,/3). 

By [5] Chapter 3] and [151 Section 3], pairs {UY;a,EY-a) for an atlas for 

that restrict to an atlas for 9Jtg^f(y, /3y; J) can be obtained in the following way. Given u = 
{[u\,{wj)j(zs), choose 

• a neighborhood Vy-u of ti(S„) in Y; 

• a representative u : S„ — > Y for [n] ; 

• universal family of deformations Wu — ^ A„ of S„ with its marked points (thus SuCWu); 



^*It is also shown in [5] and [21] that a regular multi-section ly determines a rational homology class; however, this 
notion of virtual fundamental class is not necessary for defining GW- invariants or comparing the two sides of (|1.10p . 
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• a finite-dimensional subspace 

fy;u C r,{w:xVY-u;7rl{T*w:f'^(^cT^*2TY), 

where W* C Wu is the subspace of smooth points of the fibers, TW^^ C TWu is the vertical 
tangent space, and T^ denotes the space of smooth compactly supported bundle sections, 
such that 

r{^u]T*^''/(^cu*TY) = {DuC-- C^r{J:u;u*TY), ^{z,{u))elmd^Jjy j €S} + {idxur£Y;u 
if uG9Jlg^f(y, /3y; J); if u^Tlg^f(Y, (3y; J), the point-wise condition on ^ is omitted. 

Iiu' = {[u'],{w'j)jes) with [u']€Xg,s{VY;u,PY) and S^'GA^, let 

Ey;u\u' = {idxu}*£Y;u- 

By [SI Chapter 3] and [El Section 3], UY;a can be taken to be the image of a sufficiently small 
neighborhood Uy-o of u in the space of L^-maps from the fibers of W^ — > A„ to X under the 
equivalence relation and Ey-^o the image of the bundle formed by the spaces -Ey;u|u' over UY;a- 
With these choices, dj {Ey-o) consists of equivalence classes of smooth maps to Y. 

Fix a J-regularized tubular neighborhood (vry : Uy — >Y, TUy) of Y in X. Using vry and dvry [t; ^ , 
each 8y;\i can be extended to a finite-dimensional subspace 

for a neighborhood Vxju of Vy-^u hi f^y Cl". A larger subspace 

£x;u c r,(>v:xyx;«;vri*(T*>v;;)°'^0c^2r^) 

can then be chosen so that 
r(S,;r*SO'i0cn*rX) = {Z?,e:Cer(S„;tx*rX),^(z,(tx))eImd^^./jViG5} + {idxn}*^X;u, 

whenever [u\ eOJI^^f (y, /3y; J). This gives rise to a pair {Ux-a, Ex-a) for an atlas for QJT^^f (X, /?; J); 
the union of such pairs covers Tlg^f{Y, (3y',J)- Since 9Jlg^f(y, /3y; J) is a union of components of 
Tlg^f{X, 13; J), this sub-collection of an atlas is sufficient for determining the left-hand side of (jl.lOp . 
Similarly, using Try, dTTy |~ ^ , and a bump function around Y with support in Uy, any multi-section 

of 

for the atlas ({(Z//y;Q, -Ey;Q)}aG.A) gives rise to a multi-section v of 

r°;J(X,/3;J)^X,,f(X,/3) 
for the atlas {{(Ux-a,Ex;a)}aeA) such that for every element [u] eX^^f (X, /3) 

i/([u])€LP(S„;r*S°'i0n*rC/^) 
for every [u] = {[u], {wj)j(zs)eXg^f{UY, Py)- 

Let i' = i/Y+i'x be a regular multi-section oiV \{X,f3) for atlas for OJlg_f(X, /3; J) as above so that 
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• for every u = {[u\,{wj)j^s)&^g,fiX, f3) with [u]eXg^s{UY, (3y), 

• vyIx i{y,0y) ^^ ^ regular multi-section of T '^{Y, Py) so that 9Jtg^f(y, /3y; J, z^y) is stratified 
by smooth branched orbifolds of the expected dimensions and the dimension of the main 
stratum 

Tlg,fiY, /3y ; J, i/y ) = Tlg^fiY, /3y ; J, vy) n Uls{Y, py) X '[\M^ 

^ jes ^ 

is dim^^f (y,/3y); 

• vx is small relative to vy . 

The previous paragraph implies that such multi-sections vy exist. By Proposition 13.21 the first 
condition implies that there exists an open neighborhood Uiyy^ of QJtg^f (F, /?y; J) in Xg^f(X, /3) 
such that 

M3,f (X, /3; J, l/y ) n Z^(l/y) = Mg,f (y, /3y ; J, Z.y). 

In addition, choose a multi-section c^ of the bundle Lf a — > Xg^f(X, /3) for the above atlas so 
that (/9 is transverse to the zero set on every stratum of 9Jlg^f(y, /3y; J, i/y) and every stratum of 

For each a^A and u€9JTg^f(y, ^Sy; J, z/y)nZiy;Q,, let 

^i/y,a;u: ^uC^j (-E'X;q) > Ex;a 

be the linearization of the section Bj+uy over Bj {Ex;a) along the zero set. The kernel of I';/y.o;u 
is the tangent space of DJlg^f{Y, (3y; J, vy) at u. If a and 7 are as in the overlap condition in the 
definition of an atlas above, then 

Ex-a^^'^T^uyrn^ = lra.VyY,a;xx Vu G Tlg^f{Y,l3y\ J,uy) nUy-^ , 

dim9j {Ex;^) — dimSj {Ex;a) = T^^Exi-y — rkEx;a- 

Thus, the inclusion TBj (Ex-a) — > TBj (Ex'-y) over Tlg^f{Y, (3y; J,iyy)nUy-y induces isomor- 
phisms 

cok(i:',,y,Q;u) — > cokCD^Y^^-u)- 

It follows that these vector spaces form an orbi-bundle cok(Pi,y) over d}lg^f{Y, l3y;J,iyy). By the 
last requirement in the definition of an atlas and condition (b) in Theorem 11.2^ the homomorphism 

cok(P,y,,;,) -^ cok{Df.^) 

induced by the inclusion Ex;a — ^ ^nf^-^' f^'' '^^ followed by the projections to NY and the cokernel 
is surjective for all u€9Jtg^f (y, /3y ; J, vy)f^Uy■^a■, if ^Y is sufficiently small. A dimension count then 
shows that this homomorphism is an isomorphism (the injectivity also follows from Proposition [32]) ■ 
Thus, the orbi-bundles 

cok(P,^), cok(Z}^^) -^ mt<;,f (y, /3y ; J, vy) 
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are isomorphic. 

The left-hand side of ()1.10|) is the number of elements of 

jes 

that lie in a small neighborhood of 9Jt f(y, /3y; J, i/y) for a small generic multi-section vx- The 
number of such elements near Tlgf{Y, jSy; J, i'Y)r\UY-a is the number of solutions of 

with small ^, where N^ is a combination of a term quadratic in ^ and a term which is linear in ^ 
and h'x- This equation has no solutions in ip~^{0) away from the subset of elements 

ueml,{Y,f3Y;J,iyY) 

for which z^x(u) lies in the image of Pjyy,a;ui i-e. the projection Px(u) to cok{T),^Y ^a;u) is zero. Since 
If vanishes transversally on Tlg^f{Y, fiy; J,i>y) and ux on 9K^ f(y, /Jy; J, z^y), the left-hand side of 
(jl.lOP is the signed cardinality of oriented zero-dimensional orbifold 

By the definition, this is also the euler class of cok(2),yy ) evaluated on Tl f{Y, /3y ; J, uy), which by 
the above isomorphism of cokernel bundles equals to the right-hand side of (jl.lOp . 
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